Alfv en waves are low-frequency transverse waves propagating in a magnetized plasma. We define the Alfv en frequency x 0 as x 0 ¼ kV A cosh, where k is the wave number, V A is the Alfv en speed, and h is the angle between the wave vector and the ambient magnetic field. There are partially ionized plasmas in laboratory, space, and astrophysical plasma systems, such as in the solar chromosphere, interstellar clouds, and the earth ionosphere. The presence of neutral particles may modify the wave frequency and cause damping of Alfv en waves. The effects on Alfv en waves depend on two parameters: (1) a ¼ n n =n i , the ratio of neutral density ðn n Þ, and ion density ðn i Þ; (2) b ¼ ni =x 0 , the ratio of neutral collisional frequency by ions ni to the Alfv en frequency x 0 . Most of the previous studies examined only the limiting case with a relatively large neutral collisional frequency or b ) 1. In the present paper, the dispersion relation for Alfv en waves is solved for all values of a and b. Approximate solutions in the limit b ) 1 as well as b ( 1 are obtained. It is found for the first time that there is a "forbidden zone (FZ)" in the a À b parameter space, where the real frequency of Alfv en waves becomes zero. We also solve the wavenumber k from the dispersion equation for a fixed frequency and find the existence of a "heavy damping zone (HDZ)." We then examine the presence of FZ and HDZ for Alfv en waves in the ionosphere and in the solar chromosphere. V C 2013 American Institute of Physics. [http://dx
I. INTRODUCTION
Alfv en waves are low-frequency transverse waves in a magnetized plasma and are widely studied in laboratory plasmas, space plasmas, and astrophysical plasmas. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] It is generally believed that Alfv en waves play an important role in the heating of solon chromosphere, solar corona, and magnetic fusion plasma, 2, [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] in the transportation of cosmic rays in the interstellar medium, 3, 16 and in the coupling interaction between ionosphere, magnetosphere, and solar wind. 7, 11, 17 There are partially ionized plasmas in most space and astrophysical plasma systems, such as in the solar chromosphere, protostellar disks, interstellar and circumstellar clouds, the earth ionosphere, and nuclear fusion devices. Neutral atoms may affect the plasma dynamics and hence Alfv en waves through collisions with charged particles. Alfv en indicated that the collisions between ionized fluid and neutral gas with the high ionization rate are important in the planetary system. 18 Piddington, 19, 20 Lehnert, 21 and Osterbrock 22 pointed out that the effect of collisions may lead to absorption of plasma waves in the chromosphere, photosphere, and interstellar clouds. Hartmann and MacGregor studied damping of Alfv en waves in stellar winds. 23 Zweibel examined the effect of ion-neutral collisions on magnetic reconnection in solar prominences and molecular clouds. 24 Huba examined the universal interchange instability in partially ionized gases. 25 Haerendel, 26 De Pontieu and Haerendel, 27 De Pontieu et al., 28 James and Erd elyi, 29 James et al., 30 and Erd elyi and James 31 suggested that the energy and momentum transfer from damping Alfv en waves through ion-neutral collisions in the partially ionized chromospheric plasma may provide a formation mechanism for spicules. A number of publications have discussed the damping of Alfv en waves by ion-neutral collisions. The general dispersion equations for magnetohydrodynamic waves in the partially ionized medium have been derived in many studies. 2, 3, 26, 28, [32] [33] [34] [35] [36] [37] [38] [39] It is well established that the dispersion relation of Alfv en waves is strongly influenced by the ionneutral collisions in partially ionized plasmas.
There are two key parameters that determine the strength of coupling between neutrals and charged particles and the effects on the dispersion relation of Alfv en waves. These two parameters are (1) a ¼ n n =n i , the ratio of neutral density (n n ), and ion density (n i ); (2) b ¼ ni =x 0 , the ratio of neutral collisional frequency by ions ni to the Alfv en frequency x 0 , where x 0 ¼ kV A cosh, k is the wave number, V A is the Alfv en speed in the absence of neutral particles, and h is the angle between the wave propagating direction and the ambient magnetic field. Most of previous studies in the literature examined only the limiting cases with a relatively large neutral collisional frequency or b ) 1. 2, 3, 26, 28, [36] [37] [38] [39] [40] The dispersion relation of Alfv en waves in the full a À b parameter space has not been systematically studied.
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plasma. In Sec. II, the dispersion equation and eigen-modes of Alfv en waves in a partially ionized plasma are derived. In Sec. III, the dispersion relation is solved for all values of a and b. It is found for the first time that there is a "forbidden zone (FZ)" in the a À b parameter space, where the real frequency of Alfv en waves becomes zero. We also solve the wavenumber k from the dispersion equation for a given frequency and find the existence of a "heavy damping zone (HDZ)." In Sec. IV, we also try to examine the presence of FZ and HDZ for Alfv en waves in the ionosphere and in the solar chromosphere. Finally, the main results are summarized in Sec. V.
II. FORMULATIONS
A. Basic equations for fluid with ions and neutrals
We calculate the effect of collisions between ions and neutrals on the propagation of transverse Alfv en waves in a homogeneous magnetized plasma. The plasma fluid consists of two components: ionized particles (ions and electrons) and neutral particles. The continuity equations, momentum equations, and energy equations for the two components can be written as
The Faraday's equation and the generalized Ohm's law can be written as
Here B is the magnetic field, J¼ r Â B=l 0 is the current density, q is mass density, p is the pressure, v is the velocity, J is the current density, and c ¼ 5=3 is the ratio of specific heats. The subscripts "i" and "n" denote the ionized component and neutrals, respectively. We have q i ¼ m i n i and q n ¼ m n n n . The ion collisional frequency by neutral particles is denoted by in while the neutral collisional frequency by ions is denoted by ni . The electron collisional frequency by ions (neutrals) is denoted by ei ð en Þ: We assume that the electron number density (n e ) equals to the ion number density (n i ). For conservation of total momentum, we assume m i ¼ m n and obtain from Eqs. (2) and (4) a n n =n i ¼ in = ni :
In the generalized Ohm's law of Eq. (6), the term associated with m Â B is called the advective term, J Â B term is called the Hall term, and the last one is the resistive term. Let X e ðX i Þ be the electron (ion) gyrofrequency and e ¼ ei þ en . It can be shown 12 that
Song and Vasyliunas 12 showed that the ratios ðHall=advectiveÞ and ðresistive=advectiveÞ are much smaller than one in the solar chromosphere and corona for x 0 < 10 4 Hz. On the other hand, the Hall term may become important in the lower part of ionosphere (altitude below 200 km) for x 0 ! 10 2 s À1 . The Hall term may lead to the coupling of Alfv en waves and compressional magnetosonic waves in the ionosphere. 35 The Hall term may also lead to generation of kinetic Alfv en waves from compressional mirror waves. 41 We ignore Hall and resistive terms in the following discussions.
B. Dispersion equation and eigen-modes for Alfv en waves
A very convenient geometry for studying Alfv en waves is shown in Figure 1 . The waves are propagating in the z direction, and the background magnetic field is in the y À z plane, B 0 ¼ B 0 ðsinhŷ þ coshẑÞ, where h is the angle between propagating vector k and magnetic field B 0 .
In the initial equilibrium state, let the ion density be q i0 , neutral density q n0 , ion velocity v i0 ¼ 0, and neutral velocity v n0 ¼ 0. In the presence of perturbed quantities, we have
The x-components of perturbed equations from Eqs. (3), (4), and (6) can be written as
FIG. 1. Geometry for propagating Alfv en wave. The wave vector k is in the z direction, and the ambient magnetic field B 0 is in the y À z plane. The perturbed velocities dv i , dv n , and magnetic field dB are in the x direction.
We note that Eqs. (8)- (10) give the coupling equations for only dv ix , dv nx , and dB x , which are decoupled from other quantities (dq i , dq n , dv iy , dv iz , dv ny , dv nz , dB y , and dB z ).
Considering plane wave solutions of the form e iðkzÀwtÞ with @ @z ¼ ik and @ @t ¼ Àix, we obtain the following matrix equation from Eqs. (8)- (10):
Equation (11) yields the wave eigen-mode as
Setting the determinant in Eq. (11) to zero, we obtain the following dispersion equation for transverse Alfv en waves:
where V A ¼ ðB 0 =l 0 q i0 Þ 1=2 is the Alfv en speed in the absence of neutral particles. The dispersion equation (13) has been obtained by many authors. The dispersion equations (13) and (14) can also be used for oblique propagation with Alfv en frequency
. Here x 0 is the Alfv en frequency in the absence of neutral particles and a is the ratio of neutral and ion density. We can write the normalized quantities as following: dv
In the following discussions, we drop the sign "*" associated with normalized quantities for convenience. In the normalized forms, we obtain from Eqs. (12) and (13) the simplified dispersion relation and eigen-relations of Alfv en waves as
III. SOLUTIONS FOR ALFV EN WAVE FREQUENCY: THE PRESENCE OF A FORBIDDEN ZONE
In this section, we solve systematically the dispersion equation and eigen-relations in Eqs. (14)- (16) for Alfv en waves. The eigen-frequency of Alfv en wave depends on the values of a and b. The solutions for b ) 1 has been previously obtained and discussed. 2, 3, 26, 28, [36] [37] [38] [39] [40] Here we obtain solutions of Eq. (14) for all values of a and b.
The wave frequency can be written as x ¼ x r þ ix i , where x r ðx i Þ is the real (imaginary) part of wave frequency. In order to examine the solutions, we set
Equation (15) becomes
The nature of solutions in Eq. (19) is determined by the discriminant
For D > 0, Eq. (18) has three distinct real roots for n, corresponding to three purely imaginary roots for x. where a ¼ n n =n i is the ratio of ion and neutral density and b ¼ ni =x 0 is the normalized collisional frequency for neutral particles by ions. In Region 1 (red) and Region 3 (blue), there are two Alfv en modes (x 1 and x 2 ) propagating in opposite direction and are purely damping mode with zero real frequency (x 3r ¼ 0). In the "forbidden zone (FZ)" (Region 2, yellow), the real frequency of all three modes is zero. The green area is the transition zone between different regions.
to the boundary of Region 2, there is a multiple root and all roots are real. The tip of the forbidden zone in Region 2 is located at (a,b) ¼ ð8; 3 À1:5 Þ. In the area outside Region 2, which includes Region 1, Region 3, and transition region to be discussed, we have D < 0. There is a real root and two complex conjugate roots for n. In this case, x in Eq. (14) has a purely imaginary root and another two roots, which have the same imaginary part but have the same real frequency with opposite signs. The last two roots correspond to Alfv en waves propagating in opposite direction with the same damping rate.
The real and imaginary parts of Eq. (14) can be written as
(a) Pure damping mode (x ¼ x 3 ) Equation (20) shows that there always is a wave mode with zero real frequency x 3r ¼ 0. The corresponding imaginary part in Eq. (21) is written as
The value of x 3i can be obtained in several limiting cases: (a1) b ( 1 and ab 2 ( 1 ðRegion 1Þ :
(a2) b ( 1 and ab ) 1 :
(a3) b ) 1 and a ( 1 :
(a4) b ) 1 and a ) 1 :
(b) Propagating Alfv en modes ðx ¼ x 1 and x 2 ÞThe second factor in Eq. (20) gives
Substituting x 2 r in Eq. (24) into Eq. (21), we obtain
From Eqs. (24) and (25), we obtain the eigen-frequencies for modes 1 and 2 in several limiting cases: (b1) b ( 1 and ab ( 1 ðRegion 1Þ :
(b2) b ( 1 and ab 2 ) 1 :
(b3) b ) 1:
The solutions in (b3) for the case with b ) 1 had been obtained in earlier studies. 2, 3, 26, 28, [36] [37] [38] [39] [40] We find here that the same solutions can also be applied to the region with b ( 1 but ab 2 ) 1, corresponding to the right-lower part of Region 3 (blue color) in Fig. 2 .
The real and imaginary parts of wave frequency for the three eigen-modes as a function of a for b ¼ 0:001, 0.1, 10, and 1000 are plotted in Figures 3-6 .
The case with b ¼ 0:001 is shown in Fig. 3 .
For a > 10 6 , the real frequency can be expressed as x 1r ¼ Àx 2r % ð1 þ aÞ À1=2 and the imaginary part x 1i ¼ x 2i % Àða=2bÞð1 þ aÞ À2 . For the damping mode with a > 10 6 , we have x 3r ¼ 0 and x 3i ¼ Àab. for the whole range of a. For the pure damping mode, x 3i ¼ Àb for a ( 1 and x 3i % Àab for a ) 1.
In Figure 7 , we plot the eigen-amplitude and phase angle / relative to dB x of two propagating Alfv en modes with x 1 and x 2 as a function of a for b ¼ 0:001 (left panel) and b ¼ 1000 (right panel). From Eqs. (15) and (16), we have amplitude ratio jdv ix =dB x j ¼ jxj and jdv nx =dB x j ¼ jxb=ðix À bÞj. For b ¼ 0:001, the amplitude jdv 1ix =dB x j ¼ jdv 2ix =dB x j % 1 and jdv 1nx =dB x j ¼ jdv 2nx =dB x j % b on the left side of yellow zone. The velocity dv 1ix is out of phase with dB x (relative phase angle / ¼ 180 ) while dv 2ix is in phase with dB x (/ ¼ 0 ). The phase angle for the neutral velocities dv 1nx and dv 2nx is / ¼ À90 . This means that when the ion-neutral collision frequency is much lower than the wave frequency, the oscillation of ions and neutrals is 90 out of phase with each other, and the oscillation amplitude of ions is much greater than that of neutrals.
For b ¼ 1000, the amplitude jdv 1ix =dB x j ¼ jdv 2ix =dB x j ¼ jdv 1nx =dB x j ¼ jdv 2nx =dB x j¼ ð1 þ aÞ À1=2 . The phase angle of dv 1ix and dv 1nx is / ¼ 180 while the phase angle of dv 2ix and dv 2nx is / ¼ 0 relative to dB x . In this case, ions and neutrals oscillate synchronously as a whole with the same amplitude and same phase. The above eigen-mode characteristics are valid for cases with b ) 1.
IV. SOLUTION FOR ALFV EN WAVENUMBER: THE PRESENCE OF HEAVY DAMPING ZONE
In the last section, we have obtained the solution for real and imaginary frequencies, x r and x i , for a given wavenumber k, in the a À b space. However, in a physical situation the Alfv en wave is excited at some frequency and propagates along the magnetic field line or at angle oblique to magnetic field line. The wavenumber k will adjust itself to obey the dispersion equation (13) . In this section, we obtain the wavenumber k from the dispersion equation (13) 
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Phys. Plasmas 20, 032902 (2013) We define k 0 ¼ x 0 =V A cosh, b ¼ ni =x 0 , and a ¼ n n =n i as before. Eq. (13) leads to the following equation for k 2 :
Write k ¼ k r þ ik i . In Figure 8 , jk r j and jk i j are plotted as a function of a for b ¼ 10 À9 ; 10 À8 ; 10 À7 ,…, and 10 6 . Fig.  8(a) indicates that k r increases as a increases. It is noted that the k r curve for b > 10 is nearly the same as the curve for b ¼ 10. The solution in Eq. (27) will give two damping modes propagating in opposite direction.
The yellow sections of lines in Figs. 8(a) and 8(b) correspond to those with a À b values in FZ of Fig. 2 . It is found from Fig. 8(b) that the value of jk i j=k 0 reaches $1 as each curve reaches the yellow sections (FZ) from below. The wave damping in space is given by e Àjk i jz ffi e À2p for z ¼ k ðwavelengthÞ ¼ 2p=k 0 and jk i j ffi k 0 . It is interesting to note that jk i j keeps increasing with increasing a after the curve goes beyond the yellow FZ. It is thus expected that as Alfv en waves propagate into FZ, the waves will be heavily damped. On the other hand, jk i j decreases with increasing b for a given value of a as shown in Fig. 8(c) .
In Fig. 9 , the contours of jk r =k 0 j and jk i =k 0 j are plotted in the a À b plane, similar to that shown in Fig. 2 . The contour line with jk i =k 0 j ¼ 1 is plotted in Fig. 9(b) . The lower section of the contour line is very close to the left boundary of FZ in Fig. 2 . Alfv en waves are expected to be heavily damped in the region on the right-hand side of the contour line. The region with jk i =k 0 j ! 1 will be called the "heavy damping zone (HDZ)."
We use Eqs. (8)- (10) to simulate the damping of Alfv en wave as the wave propagates into a region with a À b values in FZ. Fig. 10(d) plots the spatial profile of a, which is set to a ¼ a 1 ¼ 0:1 for z < 30 and increases to a ¼ a 2 ¼ 10 4 for z > 40. In the simulation, we set b ¼ 0:001. In Fig. 10(d) , the yellow region corresponds to the range of a in FZ of Fig.  2 for b ¼ 0:001. We use the eigenvector in Eq. (12) to excite wave with a fixed frequency at z ¼ 0. Figs. 9(a)-9(c) show the spatial profiles of dB x ; dV ix ; and dV nx at a time after the wave propagates out of the simulation boundary. The wave is heavily damped as the wave reaches FZ at z ffi 40.
In order to see the damping rate, we plot in Figs. 10(e)-10(h) the spatial profiles of jdB x 2 j in log scale for a 2 ¼ 10 4 ; 10 3 ; 10 2 ; and 10 1 . For a 2 ¼ 10 4 , jdB x 2 j decreases by a factor of 10 À7:5 within a distance of k 0 Dz ffi 4. This corresponds to jk i =k 0 j ffi 2:2 and is consistent with the theoretical value shown in Fig. 8(b) . From the slop of blue lines in Figs. 10(f) and 10(g), we obtain jk i =k 0 j ffi 0:46 for a 2 ¼ 10 3 and jk i =k 0 j ¼ 0:05 for a 2 ¼ 10 2 , consistent with the values in Fig. 8(b) . For a 2 ¼ 10, the wave damping is very weak.
V. APPLICATION TO ALFV EN WAVES IN THE IONOSPHERE AND SOLAR CHROMOSPHERE
In this section, we consider low frequency transverse Alfv en waves in the ionosphere and solar chromosphere. In   FIG. 7 . The eigen-amplitudes, dv ix =dB x and dv nx =dB x , and phases of two propagating Alfv en modes with x 1 and x 2 as a function of a ¼ n n =n i for b ¼ ni =x 0 ¼ 0:001 (left) and b ¼ 1000 (right). For b ¼ 0:001, jdv 1ix =dB x j ¼ jdv 2ix =dB x j % 1 and jdv 1nx =dB x j ¼ jdv 2nx =dB x j % b on the left side of forbidden zone, while
and the ion and neutral velocity of mode 1 (mode 2) are out of phase (in phase) with dB x .
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In particular, we want to identify the presence of FZ and HDZ in the ionosphere and solar chromosphere for some range of Alfv en frequency x 0 ¼ kV A cosh. Fig. 11(a) shows the vertical density profiles of ions ðn i Þ and neutrals ðn n Þ in daytime and nighttime ionosphere during solar quiet time. The ion and neutral densities are calculated using empirical MESIS and IRI models. We consider the height profiles of daytime and nighttime ionosphere at low-altitude ð20 NÞ in the equinox of 2008. The corresponding density ratio, a ¼ n n =n i , is plotted in Fig. 11(c) . Below 700 km, the value of a in the nighttime ionosphere is greater than that in daytime ionosphere. Based on the empirical foumula listed in Richmond, 42 the collisional frequency ni of neutral particles from a collision with ions are calculated as shown in Fig. 11(b) . In daytime ionosphere, the higher value of ion density causes higher collisional frequency ni . Hence, collisional frequency ni has one order of magnitude greater than that for nighttime ionosphere. Two cases with Alfv en frequency (x 0 ¼ 10 À2 and 10 À4 s À1 ) are considered. We plot the corresponding b ¼ in =x 0 for the daytime and nighttime ionosphere in solid lines and dashed lines in Figs. 11(d) and 11(f).
Based on FZ plotted in the a À b plane of Fig. 2 , HDZ of Fig. 9 , and the vertical profiles of a in Fig. 11(c) , we draw FZ (enclosed by red solid line) and HDZ (enclosed by blue dot line) for the daytime (Fig. 11(d) ) and nighttime ( Fig.  11(f) ) ionosphere. In FZ, the real frequency of Alfv en wave becomes zero. In both FZ and HDZ, waves are heavily damped. Fig. 11(d) shows that the curve for Alfv en frequency magnetic field in the solar chromosphere is %10 G and proton cyclotron frequency X p % 10 5 s À1 . Fig. 12(a) shows the neutral ðn n Þ and ion ðn i Þ density profiles in the solar chromosphere. The neutral and ion densities are obtained from the results of VAL C model. 43 The collisional frequency ð ni Þ for a neutral particle by ions is adopted from the earlier work. 28 The corresponding profiles of a ¼ n n =n i and b ¼ ni =x 0 for x 0 ¼ Fig. 9(d) shows that the curve with Alfv en frequency x 0 ! 10 3:4 s À1 % 2:5 Â 10 3 s À1 ðf 0 % 400 HzÞ will encounter FZ, and waves with x 0 ! 1s À1 will encounter HDZ in the partially ionized chromosphere.
VI. SUMMARY
In summary, we have systematically solved the Alfv en dispersion equation and obtained the eigen-modes to examine the effects of ion-neutral collisions. We also apply our results to partially ionized plasmas in earth's ionosphere and solar chromosphere. The main results are listed below.
(1) The eigen-frequency and damping rate of Alfv en waves depend on two parameters: a ¼ n n =n i and b ¼ ni =x 0 .
There exists a "forbidden zone (FZ)" as well as a "heavy damping zone (HDZ)" in the a À b parameter plane. The real frequency of Alfv en waves is zero in FZ for waves with a fixed wavenumber k. For waves with a fixed frequency x, the imaginary part of wave number jk i j ! k 0 ¼ x=V A cosh in HDZ. Alfv en waves are heavily damped as the waves propagate into FZ or HDZ. (2) Outside FZ, there are three eigen-modes: one purely damping mode (x 3 ) and two Alfv en wave modes (x 1 and x 2 ) propagating in opposite direction with the same damping rate. 
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